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Abstract. Analog of Hohenberg-Kohn theorem is proven for the case of the Dirac's 
many-electron equation. The advantages of a new approach are discussed. 



1. Introduction 

Everyone who occupied in quantum chemistry knows the attractive advantages which 
density functional theory (DFT) provides for the investigation of molecule electronic 
structure (W. Kohn et al. 1996). As to disadvantages of the approach (apart from 
the unknown rigorous structure of the functional) one can remember the absence of 
the method to improve the result gained with DFT and also the absence of relativistic 
corrections included in. As for the last two problems the mode to make amendments is 
developed in the paper. The first step is to prove some analog of the famous Hohenberg- 
Kohn thorem. 

2. Relativistic analog of Hohenberg-Kohn theorem 

Let's take i/ to be a many-electron Dirac's Hamiltonian. The H includes one-electron 
Dirac's Hamiltonians for every particle of the system and corresponding interaction 
terms (Coulomb, Breit etc). The corner-stone of the proof is formula that is a 
consequence of the virial theorem (see for example (K V Koshelev 2007)) 

= mc2^(*|A|^) (1) 

i 

where E is full relativistic energy of the state (ground or excited), \1/ is a many-electron 
wave function of the state, f3i is a well known Dirac's matrix that acts on the coordinates 
of ith electron and finally m and c are the rest mass and velocity of the light respectively. 
The formula ([1]) could be rewritten in the form 

E = mc^N /3n{r,a)dx (2) 



where is the number of electrons in the system, x = {r, a} is a set of variables (r- 
spatial and cr-spin ones) and finally n{x) = J \l/"''(x, r)\l'(x, r)(iT is relativistic density. 
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Let's turn to the proof of the theorem. It states that the density n{x) of the state define 
the unique potential V{x) 



The proof (by contradiction): Let there be two potential Vi{x) and ^2(2;) arising from 
the same n{x). For these different potentials we have different ground state energies 
El 7^ E2 and immediately obtain the contradiction with formulae ([2]) that gives the equal 
energies for the states with the same densities. Formulae ([2]) itself gives the example 
of a functional where the energy is expressed in the terms of density. Unfortunately 
it could not be utilized directly to search for the density function of the ground state 
because of absence of a variation minimum. Despite of this fact the proven above 
theorem accompanying some additional speculations allows to state the existence of 
functional F[n{x)] which has a minimum when n{x) is a ground state density, besides 
Emin = F[n{x)] amounts to E'-the ground state energy. It's clear that operator 
possesses the Schrodinger equation like spectra (see for example (K V Koshelev 2008)). 
It's easy to see that the functional 



presents the example of the functional we are searching for. 
3. Conclusion and future perspective 

The relativistic approach is developed in the paper. So relativistic corrections are already 
included in the functional and therefore the sphere of it's applicability is increased (in 
comparison with the non- relativistic situation). The formulae ([2]) permits to correct the 
result of the calculation. 
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